The usual Matrix Riccati equation can be related to the transport of a beam of particles through a medium of finite length with conservative type of interactions (R. Bellman, S. Ueno, and R. Vasudevan, On the matrix Riccati equation of transport processes, University of Southern California Technical Report No. 72-13). Varying the physical picture of the interactions in the medium, we arrive at extensions of the Riccati equations with higher order nonlinear terms. Using the physical picture to guide our intuition, we achieve a linearization of these generalized Riccati equations in this paper, and this procedure will assist numerical computation of the solution of such nonlinear equations in a substantial manner.
INTRODUCTION
In a previous paper [l] referred to subsequently as Paper [I] , the solution of the matrix Riccati equation, one occurring in conservative transport process, was derived using a novel approach based on a linearization technique dictated by the physics of the process itself. This analysis is different from the other methods such as quasilinearization, which are not uniformly satisfactory in all situations. As noted in Paper [I] , the Riccati equation is met with in various processes, filtering theory [2] , scattering phenomena [3] , optimal control [4] , etc. It is our aim in this paper to extend this physically oriented approach to the analysis of generalized versions of the Riccati equation where the nonlinear term contains higher power 12, greater than two of the dependent variable.
To this end, we first of all consider the coupled vector matrix equation governing the transport of a set of particles traveling through a medium. These equations are subject to suitable boundary conditions and describe (on the basis of a suitable modeling of the interactions with the medium) the flux of particles moving in either direction. Employing the invariant imbedding [5] technique, we arrive at the generalized Riccati equation for the reflected flux with the desired nonlinearity.
In subsequent sections we explain the method of linearizing the equations and obtain the solution by an iterative technique which depends entirely on the physical process which we have pictured to guide our intuition. As explained in Paper [I], we concentrate on the reflected and transmitted fluxes which have suffered a specified number of backscatterings.
THE SYSTEM OF L7ECTOR MATRIX EQUATIONS
Let us consider a stationary situation in which a beam of particles consisting of N species move through a medium with reflection and transmission properties at every point in the medium to be described presently. Let us call xi(t) the flux of the right-moving particle at any point t in the medium extending from 0 to a (0 < t < u). Similarly, let y<(t) be the flux of the left-moving particles at any point. The interactions of the beam with medium in any interval d either change the particle from one species to another or their directions, or do both. The interactions are "conservative" in the sense of [l] . The species may denote the states of the particles, viz. their energy or spin or whatever. Hence, we endow the medium with the following properties.
(4 in any interval d, afjd represents probability' of a change of xj to xi traveling to the right.
(b) (1 -a,,o) is the probability of traveling forward without change of species for the xi beam.
(c) bijA is the probability that the xj beam in the interval A changes to the yi beam with change of species and reversal of direction.
(d) cijA is the probability that yj beam continues to move left with change of species from j to i.
(e) (1 -ciiA) is the probability that yi continues to move left without change of species.
In describing the property relating to the coefficients dij of the D matrix, we depart from the description of Paper [I] and postulate that yi beam does not become the xi right-moving beam with probability dijA in an interval A as was done in Paper [I] . The left-moving yi beam has to hit the region A 1 Instead of thinking in terms of probability, we can think of the fraction of the beam that undergoes the change. This can apply to all the interactions a, b, c, d, and e. twice before becoming a regular xi beam. This means that yi beam hitting the region A will go back into the medium to the right, get reflected, and again hit the same d region with or without change of its state and become the xi beam with probability (R& A, w h ere R is the reflection coefficient matrix for the length of the medium to the right of the A region, and D is a coefficient matrix independent of the fluxes. Thus, the reflection at each point depends on the reflection properties of the rest of the medium. We postulate that probability of reversal for they, beam is zero otherwise. We assume that a constant right-going flux is incident at the left end and that nothing enters in at the t = 0 of the medium.
We carry out an input output analysis at every point of the medium and see that q(t) = x,(t f A) (1 -a& + c aijAxj(t + A) + c cyj rz,,R6",-'A, 
where c is a vector with xi values equal to c for all its N components. The structure of the matrices, A, B, etc., are such that the conservative nature of the interactions are guaranteed. We must take care to remember that D represents two backscatterings and not merely one backscattering as assumed in Paper [I] . From the system of Eqs. (3) and (4) we are interested in finding Y(a), viz.
We first wish to obtain a differential equation governing R(a). This is easily obtained upon differentiating Eq. (7) with respect to a and making use of Eqs. (3) and (4). We easily obtain R'(a) = B + CR + RA + R2DR.
We can make this more symmetric looking by assuming that eLj represents the coefficient factor at the first hit andf,, the factor during the succeeding hit so that (FM?),, A can be considered as the reversal factor turning the yi-th species of theyj beam into an xi beam. In that case, Eq. (8) can be represented as R'(a) = B + CR + RA + RFRER.
(9) E and F now separately represent one backscattering. Both of them have to occur successively for a yj beam to be converted into an xi beam. Of course, we can also imagine that the medium possesses the property that the yj beam can be backscattered as the xi beam either by the double backscattering process described above or by the usual single backscattering process with probability d& explained in Paper [I] . Then Eq. (8) can be rewritten to take care of all these processes, and we have R'(a)=B+ CR;RL4 +RDR+RFRER.
The initial condition for the above equation is
THE TMBEDDING ANALYSIS
We have now pictured the physical process underlying the coupled transport equations (3) and (4) We imagine that unit flux moving to the right is incident at the left end a of the medium and that no flux enters the right end t = 0 of the medium. We are interested in studying the reflected flux R(a) emerging to the left at t = a. To this end we imbed the problem in a class of similar problems by increasing the left end of the medium from a to a + A; we compute the increased flux from a + A and relate it to the reflected flux the medium of length a. Let us call rij the reflected flux of the i-th species of particles due to unit flux of j-th species impinging at a. By the familiar particle counting technique, we have 
If we now extend our physical picture underlying the derivation of Eq. (14) and imagine that, in addition to the two types of backscatterings, we have another process at work which involves three backscatterings in each region A leading to a probability for that process of order A, we can easily see, arguing
in the same fashion as described earlier, that the reflected flux will be governed by an equation given by the imbedding method as
.
where G, H, L are the coefficient matrices related to the three backscatterings.
Thus, the generalized version of the Riccati equation containing any desired amount of nonlinearity in R can be imagined to arise from a suitably modeled transport process. Once we derive these equations, we can discard the physical picture and analyze its solutions. As we can easily see, the solution of (9) can be formally written as
The interpretation of this last term in this equation which arises by double scattering is clear. Here we have assumed A and C to be constants matrices.
If they are not suitable modification of the propagators, eA(a-t) and ectaet) can be easily effected. eA(a-t) first propagates the unit impinging beam at a up to t, its reflected flux at t is R(t) eAtaet) which gets turned back by the operation of E, comes back as REReA(a-t) which again is backscattered by the operation of F and comes back as RFREReA (a-t). This is now carried over to a by the propagator e C(a-t). Since t can be anywhere in the medium, it is to be integrated from 0 to a. The interpretation of other terms is the same as in Paper [I].
LINEARIZATION AND ITERATIVE SOLUTIONS
To find the solution of these equations, we want to exploit of our knowledge of the physical process which has led us to these equations. To this end we will characterize the solution which represents the reflected flux by the number of backscatterings it has suffered in the medium. By the nature of the problem we can realize that for the given boundary conditions of the transport process, the number of the backscatterings for the reflected flux can only be odd. Hence, we designate ,jjzn+') as the reflected flux of the i-th species due to unitj-th flux impinging at the left end a. Then by the imbedding technique, we compute the vi?+') b y i ncreasing the length of the medium from a to a f d and relate it to that from the rod of length a. We arrive at the equation governing the matrix
VL+Kn-2 It is evide t that the term B contributes only to R(l) and the term RDR begins contributing from Rc3) onwards and the last term from R(j) onwards. Hence R'(2n+1) satisfies a linear equation which can be solved. R(2n+1) for values'of n larger than zero satisfy equations containing only R(2n+1) corresponding to smaller values of n in the last two terms. Thus, all the equations for values n = 0, 1, 2, etc., are linear and can be solved iteratively. This method as is evident can be applied ipso facto to any generalization of the matrix Riccati equation with any desired nonlinearity employing the imbedding method. The key reasoning which yields the linearization is the fact that in computing the flux arising from the nonlinear terms, we concentrate on the flux which contributes to the beam that has suffered exactly (2n + 1) backscatterings.
Once we have obtained the linearization, we can even discard the picture that guided our reasoning so far. Because we can easily see that if we write the infinite set of equation similar to (18) for all n, n = 0, 1, 2,..., cc and add them up, we obtain the equation for the total flux R'=B+CR+AR+RDRfRFRER (
with R(0) = 0. For each n value, the right side is completely determined since all the lower order R2m+i (m < n) values are known from the solutions of equations for lower values of n. Thus, solving these equations iteratively, we can determine R2n+1 up to any order n. In practical situations, solutions up to slamm values of n may be adequate. The elements tij of the T matrix yields the flux of the i-th species emerging at 0 transmitted through the medium due to unit flux of the j-th species at t = a.
We concentrate our attention on the transmitted flux which has suffered exactly (2n + I) backscatterings, and this leads to the linearization of Eq. 
The solution F2%) can be expressed as yv2"ya)=eAas(~,q + J"[y TP(n-n~-1)lDpm+l 0 7lL=O
Thus, we see that T(2n) starting from To can be iteratively solved for and the full T can be found as the sum of these functions for all values of n from 0 to co.
Once we have computed the R and T functions by the linearization technique, the internal fluxes x and y can be calculated in terms of these and the boundary conditions. Also, x(~~) and y(2n+1) vectors yielding the right-going and left-going fluxes at any point inside the medium having suffered 2n and (2n + 1) backscatterings, respectively, can be calculated using the finite order R and T functions as described in Paper [I].
KATURE OF THE ITERATIVE SOLUTIONS
To get an idea of the nature of the iterative solutions, we will take Eq. (10) involving a cubic nonlinear term and analyze the successive solutions with a view to determine the parameter of expansion of the total solutions. We will for simplicity consider a scalar version of the equation and write the corresponding coupled transport equations for the internal fluxes as (32) I+0 m=O with fpn+"(()) = 0, n = 0, 1, 2 )... .
It is easy to see that solving Eq. (32) in a successive manner we find that we have nonzero solutions for R(2n~1) for only even values of 71, and total solution will be given by the series 
Expanding (36) in a Taylor series we obtain ef R4
Rv--+~~+~~+...=b~~
Inverting this expression [6] , we obtain the series for R(t) as (37)
which is identical with Eq. (34). In fact, all the terms of the expression for R(t) can be obtained. We can easily establish a recurrence relation for the coefficients of [(bt)2 (eft)]" for each VZ., since each term of the expansion is an integral over combinations of lower order terms in the manner spelled out in Eq. (32).
In conclusion, we want to point out that picturing the transport process leading to the generalized Riccati equation with any desired nonlinearity, we are able to achieve a linearization and this enables us to obtain the solution to any specified order of accuracy or approximation in an iterative fashion. Using the digital computer, the set of equations up to any required order can be solved for simultaneously.
